LG(x, Q 2 ) ∼ ∆G(x, Q 2 ) ∼ 1 x
I. INTRODUCTION
In recent years a lot of progress has been achieved in our theoretical understanding of quark and gluon helicity distributions at small x [1] [2] [3] [4] [5] [6] . While having precise control of helicity distributions is important for our understanding of the proton spin, another important component of the proton spin comes from the quark and gluon orbital angular momentum (OAM). The helicity sum rules [7] [8] [9] (see [10] for a review) include the quark and gluon contributions to the proton spin along with their OAM. Specifically, the Jaffe-Manohar sum rule [7] reads
Here S q+q (Q 2 ) = 1 2
are the quark and gluon components of the proton spin expressed in terms of the quark and gluon helicity distributions ∆Σ(x, Q 2 ) = f ∆q f (x, Q 2 ) + ∆q f (x, Q 2 ) and ∆G(x, Q 2 ). Importantly, L q+q and L G in Eq. (2) denote the quark and gluon OAM, respectively. Our understanding of the proton spin would be incomplete without a good quantitative understanding of L q+q and L G .
The quark and gluon OAM can be written down as integrals of their distributions in x [11] [12] [13] [14] [15] 
It now becomes apparent that, just like the quark and gluon helicities, both the quark OAM and the gluon OAM may receive contributions from the small-x region. Even if the difficulty in experimentally measuring the gluon OAM is somehow surmounted, any given experiment can measure L q+q (x, Q 2 ) and L G (x, Q 2 ) only down to some minimal value of x = x min . No matter how small are the values of x min to be accessed in the future experiments, one always faces the question of constraining the x < x min region. It appears that a solid theoretical understanding of L q+q (x, Q 2 ) and L G (x, Q 2 ) at small x is necessary to accomplish this goal. The aim of this paper is to theoretically determine the small-x asymptotics of the quark and gluon OAM.
Important first steps in this direction were taken in [16] , where the one-loop Q 2 evolution equations for L q+q (x, Q 2 ) and L G (x, Q 2 ) [12, 17, 18] were solved both numerically and analytically, with the aim of determining the small-x asymptotics of these quantities. However, Q 2 evolution equations at the one-loop level resum powers of α s ln Q 2 /Q 2 0
with some initial momentum scale Q 0 . At small x these equations correctly reproduce the powers of α s ln Q 2 /Q 2 0 ln(1/x). That is, they give one the small-x asymptotics only at large values of Q 2 . For spin-independent observables, the true small-x asymptotics is obtained by resumming powers of α s ln(1/x) (without any ordering of the transverse momenta): this is done in the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [19, 20] , Balitsky-Kovchegov (BK) [21] [22] [23] [24] and Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK) [25] [26] [27] [28] evolution equations. For many spin-dependent observables, the leading small-x contribution comes from resumming the powers of α s ln 2 (1/x) [29] [30] [31] [32] [33] [34] [35] (such parameter does not exist in the unpolarized evolution). This is the double-logarithmic approximation (DLA). In the case of helicity, the resummation of α s ln 2 (1/x) was addressed in [1-6, 36, 37] . Our aim here is to resum powers of α s ln 2 (1/x) for L q+q (x, Q 2 ) and L G (x, Q 2 ), obtaining the leading small-x asymptotics for these important quantities. To achieve this goal we will build upon our prior experience with the gluon helicity at small x [1] [2] [3] [4] [5] [6] .
Below we will start by analyzing the quark OAM at small x in Sec. II. We will first define the quark OAM operator using the quark Wigner distribution [38] in Sec. II A following [39] [40] [41] . We then employ the technique from [5, 6] to simplify the quark OAM operator at small x in Sec. II B. This leads to a relationship between L q+q (x, Q 2 ) and the fundamental polarized dipole amplitude [1] , which is an expectation value of the polarized fundamental dipole operator defined in [6] . While the quark helicity distribution was related to the impact-parameter integrated fundamental polarized dipole amplitude [1] , the quark OAM is related to the first impact parameter moment of this amplitude, as defined in Eqs. (36) . Using the evolution equations constructed for the fundamental polarized dipole amplitude in [1, 6] , in Sec. II C we construct and solve the evolution equations for the first impact parameter moment of the amplitude. The consequences of this solution for quark OAM at small x are summarized in Sec. II D, with the resulting small-x asymptotics of quark OAM distribution given by Eq. (54) (at large N c and in DLA).
The gluon OAM distribution is analyzed in Sec. III following the same general strategy. Using the gluon Wigner distribution the gluon OAM operator is constructed in Sec. III A. It is simplified at small x in Sec. III B. The gluon OAM distribution, just like the gluon helicity, is related to a different polarized gluon dipole operator defined in [5, 18] . Similar to the quark OAM case, the gluon OAM distribution is related to the first impact parameter moment of the polarized gluon dipole amplitude (see Eq. (83)). The evolution equation for this moment is derived and solved in Sec. III C. Evolution equations for gluon helicity are a bit more involved than those for quark helicity [5] : the same applies to OAMs. Finally, the solution is employed in Sec. III D to derive the small-x asymptotics (129) of the gluon OAM distribution (in the DLA limit and at large N c ).
The results of our analysis are concisely summarized in the equations (1) in the Abstract above as well as in Sec. IV.
II. QUARK OAM

A. The quark OAM operator
We start with a generic (quark or gluon) OAM written in terms of the Wigner distribution function W (p, b),
Our notation for the light-cone components of the 4-vectors is v ± = (v 0 ± v 3 )/ √ 2, while the transverse vectors are defined as v = (v 1 , v 2 ). We also denote b = (b − , b) and k = (k + , k). To construct the quark OAM operator using Eq. (5) we need the quark Wigner function. We can extract the Wigner function from the unpolarized quark transverse-momentum dependent (TMD) distribution (in a longitudinally polarized proton) [42] 
with k + = xP + and U[0, r] a Wilson line staple connecting points r and 0. At small-x and in the A − = 0 gauge we write this TMD (in the case of the semi-inclusive deep inelastic scattering (SIDIS) future-pointing staple) as [6] 
Here the large angle brackets denote the averaging in the target (proton) wave function, as is done in the saturation/color glass condensate (CGC) physics [43] [44] [45] [46] [47] [48] [49] . The averaging is discussed in Appendix A in more detail and is given by Eq. (A4) there. We also use the following notation for the fundamental Wilson lines on the x − light cone,
The second line in Eq. (7) is the definition of the quark SIDIS Wigner distribution, which we can use to obtain
Inserting this into Eq. (5) yields
(Note that the x-integral from here on is assumed to run from 0 to 1.) We are particularly interested in the quark OAM distribution, L q (x, Q 2 ) = dL q (Q 2 )/dx, which can be easily read from Eq. (10),
where ellipsis denote polarization-independent sub-eikonal terms, which are not important for our calculation. Here we employ an abbreviated notation
. We will use the + ↔ − interchanged Brodsky-Lepage (BL) spinors [50] , which we will also refer to as the anti-BL spinors [6, 51] :
where p µ = where the last step employed the same reflection symmetry, which has been verified up to NLO in the unpolarized small-x evolution [52] . We are thus left with
For the flavor-singlet case we need to add the antiquark contribution. This yields
Using the definition of the polarized dipole amplitude [6] G w,ζ (zs) = k
with zs = 2k − 1 P + and inserting proper limits of the k − 1 integration we rewrite the contribution of Eq. (27) as (see [6] for details)
Here s ≈ Q 2 /x is the center-of-mass energy squared for the polarized dipole-target system, z is the minus momentum fraction of the dipole momentum carried by the soft quark or anti-quark line, and Λ is the infrared (IR) cutoff.
The expression (29) can be integrated over ξ:
If we replace w → x 1 and ζ → x 0 , and use the integration variables x 10 = x 1 − x 0 and x 1 , then Eq. (30) can be rewritten as
where we have summed over flavors and, for each flavor,
with the flavor-singlet SIDIS quark helicity TMD at small
In arriving at (31) we have used the fact that, for fixed x 10 , the x 1 -integral
only. (In our notation x ij = x i − x j and x ij = |x i − x j | for any i, j.) At this point it may be tempting to conclude that since the small-x/large-zs asymptotics of quark helicity distribution ∆q f (x, Q 2 ) and G(x 2 10 , zs) were derived in [2, 4] , then the small-x asymptotics of the quark OAM distribution L q+q (x, Q 2 ) follows straightforwardly from Eq. (31). This is almost correct, with one caveat: in [2, 4] we found the asymptotics of G(x 2 10 , zs), as defined in Eq. (34) , that is, of G 10 (zs) integrated over all impact parameters, since this is what ∆Σ(x, Q 2 ) depends on. In Eq. (31) , in the first term on its right-hand side, we need a different object: we need the "first moment" of G 10 (zs) in the impact parameter (x 1 ) space,
Here the index k = 1, 2. Our next step is to determine the small-x/large-zs asymptotics of the "moment" in Eq. (35) .
C. Evolution equations for quark OAM and their solution
The evolution for these new objects in the large-N c DLA approximation can be found from Eqs. (80) and (82) of [1] for the polarized dipole amplitude G 10 (z) and an auxiliary function, the polarized neighbor dipole amplitude Γ 10,21 (z ′ ) [1, 6] (with the S-matrix for the unpolarized dipole amplitude taken to be S = 1 in those equations):
Multiplying both sides by x k 1 and integrating over x 1 while keeping x 10 fixed we get
In arriving at Eqs. (38) we have neglected terms like I k (x 21 , z ′ s), which are zero after the angular integration over the directions of x 21 .
The inhomogeneous terms in Eqs. (38) are
where, again, the integration is performed with fixed x 10 . The Born-level initial conditions for the polarized dipole amplitude are (see Eq. (13a) in [3] , which assumes the polarized target to be a single quark at the origin 0 in the transverse plane)
Using Eq. (40) in Eq. (39) while assuming that the x 1 -integral is regulated in the IR by an upper cutoff on the magnitude of x 1 yields
With the zero inhomogeneous terms, Eqs. (38) have a trivial solution:
However, this conclusion changes for a slight variation of the IR regularization in Eq. (41) . For instance, using θ 1 Λ − (x 1 + x 0 )/2 gives a non-zero result,
Therefore, we will proceed assuming that the inhomogeneous term I (0) k (x 10 , zs) is not zero. As we will shortly see, the leading small-x asymptotics of L q+q (x, Q 2 ) is independent of whether I (0) k (x 10 , zs) is zero or not. Using the fact that neither the initial condition (39) nor the evolution equations (37) contain a two-dimensional Levi-Civita symbol ǫ ij , we can write, without any loss of generality,
Substituting Eqs. (44) into Eqs. (38) yields
Inspired by Eq. (43) and by the prior experience [2, 4, 5] , which demonstrated independence of small-x asymptotics on the inhomogeneous term for helicity distributions, let us assume that I (0) (x 
we reduce Eqs. (45) tō
These equations are solved in Appendix B (withĪ =Ḡ 5 andJ =Γ 5 there, and with the β = +1 case of the solution in Appendix B being of interest to us here). The resulting leading high-energy contribution is (cf. Eq. (B15))
We conclude that, for zsx 
D. Quark OAM distribution at small x Employing Eqs. (36a) and (44a) in Eq. (31) we rewrite the quark OAM distribution as
Equation (49) allows us to conclude that the first term on the right-hand side of Eq. (50) has the following small-x asymptotics:
At the same time, the small-x asymptotics of the quark helicity distribution was found in [2, 4] to be
in the same DLA limit. Since 4/ √ 3 > 2, we conclude that at small-x the second term on the right-hand side of Eq. (50) dominates. Dropping the first term we arrive at
This result is in agreement with Eq. (40) of [16] , if we assume that c = O( √ α s ) ≪ 1 in it. Note, however, that the results in Sec. IV of [16] (including Eq. (40) there) were derived under the assumption that |∆G| ≫ |∆Σ| at small x, which is the opposite of what was found at DLA in [2, 4, 5] . The small-x asymptotics of the quark OAM easily follows from Eqs. (53) and (52) . We conclude that
at small x and in the large-N c limit (assuming gluon dominance in the latter). Note that the net small-x quark contribution to the proton spin is
and is, therefore, non-zero.
III. GLUON OAM A. The gluon OAM operator
Now we turn our attention to the gluon OAM distribution. First we need to construct the corresponding operator, and simplify it at small x. Again we begin with the definition of the OAM in terms of the Wigner function given in Eq. (5). We need to obtain the gluon Wigner distribution.
Similar to the quark case, to construct the gluon Wigner function we first consider the unpolarized dipole gluon TMD in a longitudinally polarized proton [49, 53] ,
where the future-and past-pointing Wilson line staples are
To extract the gluon Wigner distribution we employ the CGC averaging in Eq. (A2) to write
(The factor of P + is to ensure that the gluon PDF is per dx, not dk + .) We read off the unpolarized gluon dipole Wigner distribution
Using it in (5) we arrive at the gluon dipole OAM definition
In Appendix C we show that this definition of gluon OAM is consistent with the standard Jaffe-Manohar gluon OAM definition [7] . Just like for quark OAM, we are interested in the gluon OAM distribution
which is given by
The presence of ǫ ij in b × k of Eq. (60) demands that there has to be another ǫ ij in the angle brackets . . . , thus eliminating the contributions of the standard (unpolarized) BFKL/BK/JIMWLK evolution. This is similar to the case of gluon helicity [5] .
B. Evaluation of the gluon OAM operator at small x Our next steps are to simplify the gluon OAM operator definition (59) along the lines of [5, 18] and evolve it to small x. In A − = 0 gauge Eq. (60) becomes
where we have also changed variables from b ∓ 1 2 ξ → ζ, ξ. For the unpolarized gluon distribution, it is sufficient to replace the field-strength tensors by their eikonal approximations,
however, in Eq. (61) this would give zero since the eikonal approximation contains no ǫ ij needed to obtain a non-zero result. Hence we need to look for a sub-eikonal gluon field which (for mass-independent terms) depends on the polarization of the target proton, which would bring another ǫ ij . Proton polarization dependence enters through the sub-eikonal gluon field A i with i = 1, 2. The situation is similar to the case of gluon helicity at small x [5] . We expand the product of field-strength tensors to the first non-vanishing sub-eikonal order, that is, to the linear order in A i , getting
We next convert the sub-eikonal part of the field-strength tensor F +i (ζ) into a total derivative,
which, after integration by parts, acts on the Fourier factor and generates a net factor of +ixP + on the right of Eq. (61). Analogously, the sub-eikonal part of the F +j (ξ) field-strength tensor gives a net factor of −ixP + and the operator A j ⊥ (ξ). After taking these derivatives, we set e
(61) (thus neglecting higher powers of x ≪ 1). We arrive at
Further, writing
yields
Integrating by parts we obtain
Define the polarized Wilson line [5, 18] 
One may call it the polarized Wilson line of the second kind to stress its difference from a similar, but distinct, object defined for quark helicity and OAM (see also [6] ). With the help of Eq. (68) we write
Swapping ζ ↔ ξ in the second and fourth terms in the curly brackets along with replacing k → −k for those terms we get
Defining another polarized dipole-like operator [5]
and employing a more conventional (at small x) notation we rewrite Eq. (70) as
Comparing this with the dipole gluon helicity TMD at small
we recast Eq. (72) as
where
Next, write k i = −i∇ i x1 and integrate by parts. This yields
where we suppress the argument of G i 10 for brevity. Using Eq. (73) again we arrive at
Taking the Born-level G i 10 from Eq. (92) of [5] calculated for a single polarized quark target at 0,
we 16] ). This result appears to be similar to the parton model argument in Appendix B of [18] . As we will see below, the Born level L G (x, Q 2 ) = −∆G(x, Q 2 ) relation does not appear to survive the DLA evolution.
In the quark OAM case worked out above we learned that it is easier to work with the polarized dipole amplitude weighed by the position of the polarized quark x 1 and then integrated over all x 1 , as opposed to using other weight factors (e.g. x 0 or (x 1 + x 0 )/2 as in Eq. (77)). To obtain the gluon OAM in terms of x 1 -weighed polarized dipole amplitude, start with Eq. (74) and write
This appears to be the most compact expression for the gluon OAM at small x. It also suggests that in the polarized dipole 01 the two transverse coordinates do not enter on equal footing: this is indeed natural, since in Eq. (71) line 1 is polarized, while line 0 is not. Further, we replace k i → −i∇ i 10 , and, integrating by parts obtain
Consider a general decomposition
Note that the x 1 integration should be understood as keeping x 10 fixed, that is, x 0 = x 1 − x 10 . Since G i 10 contains exactly one ǫ ij (see its evolution equations (88) below along with the initial conditions (78) or (D1)), we conclude that G 4 = 0 in the DLA and, therefore,
or, equivalently, 
The gluon OAM becomes
For comparison, the dipole gluon helicity TMD is (see Eq. (73))
such that
Similar to the quark helicity case, while the evolution equations for G i 10 (zs) were constructed in [5] , their solution was found only for the impact parameter-integrated quantity G 2 . Hence no solution for G i 10 (zs) exists which would allow us to simply use Eq. (83) to find G 5 . Instead we need a relation between G 5 and G 2 . To obtain it we need to construct a DLA evolution equation for G 5 (x 2 10 , zs) first. Our next step is to use the evolution equations for G i 10 (zs) derived in [5] to obtain the evolution equations for G 5 (x 2 , which can also be verified independently by an explicit calculation.
C. Evolution equations for gluon OAM and their solution
Start with Eqs. (96) of [5] ,
Employing Eq. (83) we write for the first equation
We stress that the x 1 integration should be understood as keeping x 10 fixed. In the last term in Eq. (90) we replace
We also note that the operator ∇ i 10 should not act on the first θ-function, since this would lead to a non-DLA term. We thus arrive at
To simplify the remaining terms on the right of Eq. (91) we replace
In Section II C we have shown that
as follows from Eqs. (36a), (44a) and (49) . For small-x asymptotics of quark OAM considered above this behavior was found to be subleading. Below we will proceed assuming that the expressions in Eq. (93) 
In the last step we have noticed that the the G-term does not depend on x 10 and thus vanishes after differentiation. Note that
where x 21 and x 20 are kept fixed during the integration. The second (after the inhomogeneous) term on the right of Eq. (91) is proportional to
We again discarded the terms in Eq. (93) as subleading.
Substituting Eqs. (94) and (96) into Eq. (91) we arrive at
which is an equation containing two unknowns (G 5 , Γ 5 ) and a known function
. This is also similar to the gluon helicity evolution case [5] . Again the Γ gen (x Note that [2, 4] 
and is dominant at high energy compared to the terms in Eq. (93), justifying us neglecting the latter.
A set of steps similar to those needed to arrive at Eq. (98) when applied to Eq. (88b) gives
We thus have the following coupled system of equations:
Equations (101) 
In fact, the only difference between (101) and (102) is due to the inhomogeneous terms. In order to compare the two sets of equations, we have to compare their inhomogeneous terms. To do this, we can employ the exact solution of the impact parameter-integrated quark helicity equations (37) found in [4] ,
where, as in the above, the "quark helicity intercept" is given by
G 0 is the inhomogeneous term in the impact parameter-integrated version of Eqs. (37) , assumed for simplicity to be constant in [4] , and
After a straightforward differentiation we arrive at the following expression for the second inhomogeneous term in (101):
where we have defined The integral in Eq. (109) is IR-divergent. If we cut it off by 1/Λ in the IR, and put α q h = 0 in it (thus neglecting higher powers of α s not enhanced by large logarithms of energy), we get
A more careful evaluation of Eq. (109), neglecting α q h only compared to order-one constants, yields
The evolution equations for G 5 and Γ 5 become
Note that, as follows from Eq. (78) above,
Equations (112) have two inhomogeneous terms. The following calculation would be simplified if we could neglect one compared to the other. To see which one to neglect, let us first do some power counting. The initial condition for the quark helicity evolution is of the order
[5] if we assume that ln s ∼ 1/ √ α s , as is appropriate for the DLA limit. We thus have, for the two inhomogeneous terms in Eqs. (112),
It appears that we can neglect the second inhomogeneous term compared to the first one. (Note that the situation here is slightly different from the equations for gluon helicity obtained in [5] , where the second inhomogeneous term is, parametrically, of the same order as the first term,
2 , and the first term is neglected due to the lack of power of zs enhancement at Born level.) However, since equations (112) are linear, their solution is a sum of solutions of the same equations with one set of equations having only the G (0) 5 inhomogeneous terms, while another one containing only the α s G 0 K inhomogeneous terms.
To find the solution of the former equations, keep only the G
5 inhomogeneous terms in Eqs. (112) and substitute Eq. (113) into Eqs. (112). We arrive at 
which are solved in Appendix B (for β = −1 there) with the solution forḠ 5 given by Eq. (B16). Employing the latter we write
This result also oscillates with a decreasing amplitude for increasing zs x . As we will shortly see, it is negligible compared to the solution of Eqs. (112) with the α s G 0 K inhomogeneous terms.
Keeping only the α s G 0 K inhomogeneous terms in Eqs. (112) we have
Comparing (119) to (102) we conclude that
Since, as was shown in [5] ,
, zs) ∼ (zs)
we conclude that
, zs) ∼ (zs) 
This has to be compared with the gluon helicity distribution (see (85))
Assuming that, after all integrations are carried out, at the leading DLA level we can simply replace
with Q 2 being the upper cutoff on the k T integral in both (123) and (124), we arrive at
Noticing that the first term on the right-hand side of Eq. (111) can be thought of as a constant under one of the logarithms in the α q h -expansion of the second term, we keep only this second term on the right-hand side of (111) to write
Unlike the quark OAM in Eq. (54), this result appears to be different from the DGLAP-based conclusion reached in [16] . However, the conclusion in [16] was based on the assumption that |∆G| ≫ |∆q|, which is the opposite of what was found in the DLA approximation [2, 4, 5] . The prefactor in the relation (127) resums powers of α s ln 
The small-x asymptotics of the gluon OAM easily follows from either Eq. (127) or Eq. (128) using the DLA asymptotics of the gluon helicity distribution found in [5] . We conclude that
In Appendix D we present a simple toy model describing a way of thinking about the DLA evolution for gluon OAM changing its relation to the gluon helicity from L G = −∆G to Eq. (128).
IV. SUMMARY
The calculation performed in this paper heavily relied on the earlier works [1] [2] [3] [4] [5] [6] . By simplifying the quark and gluon OAM distributions definitions at small x to Eqs. (31) and (80) we managed to relate these quantities to the polarized dipole amplitudes G 10 (zs) and G i 10 (zs) respectively, which were employed previously for determination of the quark and gluon helicity distributions. The small-x asymptotics of L q+q (x, Q 2 ) and L G (x, Q 2 ) should have resulted from the high-energy asymptotics of these quantities. Naively, the latter could be easily found from the solutions of the DLA evolution equations for G 10 (zs) and G i 10 (zs) constructed in [2, 4, 5] . However, one had to be careful here, since in [2, 4, 5] we found the expressions for G 10 (zs) and G In the quark OAM case, the first x 1 -moment of G 10 (zs) turned out to be subleading at small x, such that Eq. (31), after we discarded the first term on its right (which was proportional to the first moment), led to (cf. [16] )
.
(130) the small-x asymptotics of this moment we arrived at
Equations (130) and (131) summarize our main results in this paper. One may be concerned about an apparent asymmetry: the first x 1 -moment of G 10 (zs) is subleading at small x, while the first x 1 -moment of G i 10 (zs), labeled G 5 above, appears not to be subleading, and leads to Eq. (131). Note, however, that in the strict DLA analysis the prefactor on the right of Eq. (131) is subleading, ∼ α
Therefore, the first moment G 5 , and, consequently, L G (x, Q 2 ) at small x are also subleading, by apparent analogy to the quark OAM case. This is probably the consequence of keeping only the parametrically subleading but dominant at high energy inhomogeneous term α s G 0 K in Eqs. (112) to arrive at the solution (120) for G 5 . The difference in the gluon OAM case as compared to the quark OAM is that, while subleading in DLA, the G 5 term gives us the only contribution to L G (x, Q 2 ) and cannot be neglected. One may even speculate that our conclusion (131) could be more conservatively formulated as |L G | ≪ |∆G| at small x. 
we getḠ
By analogy to [4] we assume a scaling ansatz of the solution,
Equations (B3) becomeḠ
Following [4] we write Eqs. (B6) in a differential form,
with the initial conditionsḠ
These equations can be solved with the help of a Laplace transform, leading tō
with the still unknown function Γ 5ω (0) satisfying the following relations: 
and satisfying the constraints (B10) we arrive at
Inserting Eq. (B12) into Eqs. (B9) yields
where we have fixed c −1 = 1 by imposing theḠ 5 (0) = 1 condition. Since we are interested inḠ 5 (ζ), we perform the ω-integral in Eq. (B13a), arriving at .
Begin with Eq. (4) in [18] , which we can write as follows:
where V − = d 2 x dx − = (2π) 3 δ 2 (0) δ(0 + ) and ∆ µ = P ′µ − P µ . For simplicity, let us work in the A + = 0 gauge with the ∇ · A(x − = −∞) = 0 sub-gauge condition [54] . Then A phys α (x) = A α (x). Eq. (C1) becomes (after integration by parts)
Assuming that color trace (2 tr) is implied in Eq. (4) of [18] , and using S + = P + we write Eq. (C2) as
Observing that E i = −F 0i = −(F +i + F −i )/ √ 2 and neglecting F −i in the infinite momentum frame (which we can do even for the sub-eikonal helicity-dependent gluon field, as it appears that helicity-dependent part of F −i is sub-sub-eikonal) we get F +i = − √ 2 E i . On the other hand, P + = √ 2 E, with E the energy of the proton. We get 
Below Eq. (77) we made a comment that for the proton target modeled to be a single quark the relation between the gluon helicity and OAM (at the same Born level) is
which is also in agreement with the parton model argument presented in Appendix B of [18] . It appears that in the same Born (two-gluon exchange) approximation, the relation between the gluon helicity and OAM is different for the large-nucleus and single-quark targets, given by Eqs. (D3) and (D4) respectively. Interestingly, if we assume that (note the argument of T )
or, in general that G 
Our result (128) above corresponds to
that is, to ξ slightly larger than 1. Note that ξ ≈ 1 gives T (x 1 ) in Eq. (D7), indicating that the position of the polarized (anti)quark is "more important". This is consistent with other findings in this work. In the framework of the simple toy model for the polarized amplitude in Eq. (D7), our conclusion (128) in the main text appears to imply that the gluon OAM begins with ξ = 0 in the initial conditions (at the Born level) corresponding to L G = −∆G, and then, via the DLA evolution, this parameter ξ evolves to ξ > ∼ 1, as given by Eq. (D9), with the relation (128) between the gluon OAM and helicity. The physical reason between such a "center-of-mass" shift is not clear at present.
